The anomalous temperature-independent behavior of the Seebeck coefficient and the lattice thermal conductivity of B 13 C 2 are explained through polaron and phonon evolutions found using ab initio molecular dynamics (AIMD). Analyses of lattice dynamics show that the unique icosahedron structures dominate the optical phonon modes and CBC intericosahedral bonds dominate the local acoustic vibration. We identify that the temperature-induced Jahn-Teller distortion and electron-phonon coupling in icosahedron structures create small polarons (i.e., charge trapping and phonon softening). We also verify that large-displacement chain atoms scatter heat-conducting phonons. Using equilibrium and nonequilibrium AIMD methods (including entropy and energy analyses), we predict the Seebeck coefficient and its components as well as the lattice thermal conductivity, and we find good agreement with experiments. Softened and localized phonons make a significant vibrational contribution to the Seebeck coefficient and allow for an amorphous-like lattice thermal conductivity.
I. INTRODUCTION
Boron carbides (B 12+x C 3−x ) are widely used in, e.g., refractories, abrasives, thermoelectrics, nuclear reactors, 1 etc., and they have many unexplained structural and carrier transport properties. Their primitive cell (R3m space group, rhombohedral representation) contains an icosahedron of 12 atoms with strong covalent chains connecting them, as shown in Fig. 1 . 1 Their structure is very similar to the pure α-B 12 structure, with an icosahedron and polar linkers, however the intericosahedral bonds are changed with the addition of carbon. Therefore, boron carbides are hard solids with a melting temperature of ∼2600 K. [1] [2] [3] Due to their polymorphism, their crystal structure identification is still evolving, 4 and they have high p-type carrier density (∼10 21 cm −3 ). 2, 5 An odd number of B atoms (e.g., x = 1) removes bound electrons and produces holelike carriers (one hole per primitive cell) and high hole density, while stoichiometric compounds B 12+x C 3−x have moderate carrier density. 3, 6 Their hardness and carrier density suggest large thermal conductivity (κ = κ e + κ L , dominated by lattice thermal conductivity κ L ), high electrical conductivity (σ e ), and a small Seebeck coefficient (α S ), but they have small κ L and large α S , both of which are nearly temperatureindependent.
5,7-9 Also, the small σ e exponentially increases with temperature (T ). 7, 9 To explain these anomalous properties, two models have been suggested by Emin et al. 2, 5, 10, 11 and Werheit et al. 4, 12 The first is the small bipolaron model for the nonequivalent B 11 C icosahedra, suggesting localized charge (q) carriers with low mobility, i.e., phonon-assisted polaron hopping. The second model is based on structural disorder in B 12 -CBC, where the high-density intrinsic defects accompanied by strong distortion compensate for the electron deficiency of ideal metallic behavior and also reduce κ. This structural conjecture is still evolving with the mentioned polymorphism, 1, 12 as reported in the phase diagram and diffraction results demonstrating the abundance of phases. 1 The B 11 C-CBC model is believed to be the lowest formation energy and the most relevant structure for x = 0, whereas the B 12 -CBC model is the most stable phase for x = 1.
1,13,14 Those structural models are verified from formation energy calculation using density-functional theory (DFT). [13] [14] [15] Here we consider α-B 12 and B 13 C 2 structures containing a B 12 icosahedron and a CBC intericosahedral chain, since they are the ground-state structures from the energetic (thermodynamic) perspective and because there is a distinct structural evolution with added carbon.
Here, we present a comprehensive theoretical and computational analysis of the polaron formation and phonon softening in B 13 C 2 using ab initio methods. We predict and explain the temperature independencies of α S (including entropy analysis of various contributions) and κ L , and we compare with available experimental results. Our results show that such anomalous behaviors are caused by polaron and phonon evolutions due to the unique icosahedra and intericosahedral chains in B 13 C 2 .
II. CALCULATION METHODS

A. DFT calculations
We begin with the electronic structure and lattice dynamics using various DFT calculations implemented in the Vienna ab initio simulation package (VASP) 16 and PHONON 17 codes. The Perdew-Burke-Ernzerhof parametrization of the generalized gradient approximation for the exchange-correlated functional 18 and the projector augmented wave method for modeling core electrons (energy cutoff = 520 eV) 19, 20 are used. All phonon and thermodynamic properties are predicted using fits of interatomic force-constant tensors to the calculated Hellmann-Feynman (HF) forces. The total energy and HF forces are found starting from the fully relaxed configuration, such that initial ionic forces were less than 10 −5 eV/Å. Ionic displacements of 0.03Å of each atom were sampled along all three directions. Diagonalization of the dynamical matrix yields the phonon-dispersion curves, the density of states (D p ), and atomic displacement tensors. The atomic displacement parameter (ADP) is obtained from the trace of the diagonalized atomic displacement tensor.
The high-temperature lattice dynamics are investigated by using equilibrium ab initio molecular dynamics (EAIMD). The temperature-dependent D p is also obtained from EAIMD and the Fourier transform of the velocity autocorrelation function over 22 ps. EAIMD simulations are performed on supercells consisting of 180 atoms. Considering thermal expansion, we prepare supercells with the experimental thermal expansion coefficient (TEC = 5.73 × 10 −6 /K for 300-1970 K) 21 and the lattice parameter (a = b = 5.63 and c = 12.16Å at T = 300 K). 1, 21 The Brillouin zone is sampled at the point. After constant-temperature simulations with the Nosé thermostat for 1 ps (0.5 fs time step) reaching equilibrium, we collect atomic trajectories for 22 ps (1 fs time step).
To predict α S and κ L , we use nonequilibrium ab initio molecular dynamics (NEAIMD). For nonequilibrium simulations, we use the VASP code modified to perform NEAIMDenergy exchange 22, 23 as reported in Refs. 24 and 25. The heat flux is imposed by dividing the simulation cell into sections of equal width and exchanging kinetic energy (velocity swapping) between the hot and cold sections. Because the exchange of kinetic energy results in non-Newtonian dynamics in the hot and cold sections, only the linear portion of the temperature gradient is considered in calculating the temperature gradient. For further validation on the charge associated with each atom in the simulation cell (hot to cold), the Bader analysis 26 of a charge-density grid is used with the DFT charge density. NEAIMD simulations are performed on (hexagonal representation) supercells consisting of 180, 270, and 360 atoms. Structure preparations are same with EAIMD simulations. We carry out constant-temperature simulations using a Nosé thermostat for 1 ps (0.5 fs time step). After reaching equilibrium, a nonequilibrium calculation is performed for 22 ps (1 fs time step).
The electron-phonon (e-p) coupling parameter is calculated from the self-consistent change in the potential of electrons interacting with a phonon mode implemented in the QUANTUM-ESPRESSO 27 package with a norm-conserving pseudopotential and a plane-wave cutoff energy of 40 Ry. Fully relaxed structures are simulated with an electron-momentum mesh of 8 × 8 × 8 and a 4 × 4 × 4 phonon-momentum mesh grid. The e-p coupling parameter is calculated from the self-consistent change in the potential of electrons interacting with a phonon mode. 27 Here the e-p interaction matrix
whereh is the reduced Planck constant, m is ion mass, ω is phonon frequency, δϕ ν k p is the phonon perturbation for a particular mode, ψ is the wave function, and k e and k e are electron wave vectors with band indices i and j . k p are phonon wave vectors with the mode number ν. The Eliashberg spectral function α 2 F is defined as 14,28,29
where D e (E F ) is the density of states per atom and spin at the Fermi level, and δ D is the delta function.
B. Entropy and energy analyses of the Seebeck coefficient
The overall α S can be expressed as a sum of various contributions,
where the right-hand-side terms are as follows: change of entropy-of-mixing, spin entropy, vibrational entropy upon adding a charge carrier, and the net energy transferred in moving a carrier (divided by qT ), respectively. 30 Each carrier mostly contributes to α S in a different way and under specific conditions, however they are highly coupled and interacting with phonons.
The mixing contribution to α S,mix is usually related to an electron and dominant in lightly doped semiconductors. The α S,mix is then related to the change of mixing entropy S mix upon adding a carrier:
where k B is the Boltzmann constant and f
• e = N/N A is the ratio of electrons to sites (Fermi function). 6, 30, 31 The spin entropy S spin contribution to α S is
where s • and s are net spins of the magnetic site in the absence and presence of the spin carrier. 6, 30 For α S,vib , reducing the local vibrational frequencies (phonon softening) increases the vibrational entropy (S vib ). The full crystal Hamiltonian (H) for the vibrational part of the energy is obtained by adding the potential and kinetic energy. We write the Hamiltonian (for the quantum-harmonic oscillator) as
where f
• p is the equilibrium occupancy of phonon. H vib is used to solve analytically for thermodynamic properties, e.g., the free energy 
From the high-temperature limit (k B T hω) and series expansions of the hyperbolic functions, the vibrational contribution to α S is α S,vib = (k B /q) i (− ω i /ω i ). To calculate the transport Seebeck component α S,trans related with the phonon-assisted hopping, additionally, we start from α S,trans,ep = E T /qT , where the subscript ep denotes polaron and E T is the net vibrational energy that accompanies phonon-assisted hopping, i.e., 5, 6, 11, 32 
Here γ 1,2 (and γ 2,1 ) are the hopping rates between site 1 and site 2 at temperatures T 1 and T 2 . Using the binding-energy relation with the local stiffness, 5, 6, 11, 30 we have
In this study, we approximate that α S,vib and α S,trans are the dominant contribution, since α S,mix and α S,spin are estimated to be negligible. These are justified due to heavy carrier density and the nonferromagnetic property of B 13 C 2 .
III. RESULTS AND DISCUSSION
A. Lattice dynamics and polaron formation
To understand the vibrational behavior of B 13 C 2 , we begin with their lattice dynamics and electronic structures using various DFT methods. Figure 2 shows total and projected phonon-dispersion curves using a small displacement method in the harmonic approximation. As we expected, B 13 hard solid material, has high phonon energy (up to 200 meV) showing its rigid bonds. As shown in Fig. 2(c) , most intra-and intericosahedral bonds occupy acoustic and moderate optical parts, while the CBC chain bonds cover two local vibration modes [highest acoustic (∼40) and optical (∼190 meV)]. Despite the two-body (C-B chain ) bond in this chain having the shortest length (i.e., the most rigid one) in B 13 C 2 , its three-body angle is the most flexible (due to limited neighbor atoms). Such a Janus-faced CBC chain bond is unique in crystalline solids, and we suggest that this provides evidence of its abnormal transport properties. Figure 3 shows the ADP for each designated element in B 13 C 2 and α-B 12 . Due to the strong and stable covalent bonds, 33 for the overall icosahedral atoms, there is no distinct ADP difference between the two structures. However, the ADP of chain B (B chain ) is twice that of icosahedral B (B pol and B eqt in B 13 C 2 and α-B 12 ). This large ADP of B chain atoms is one of the distinct lattice behaviors of B 13 C 2 , and we expect scattering of the heat-conducting phonon wave as in rattlers. [34] [35] [36] Such phonon-dispersion and atomic displacement features in the B 13 C 2 lattice are shown in Fig. 4(a) . These show the phonon occupancy and roles contributed by each structural compartment of B 13 C 2 . Note that optical phonons of the icosahedral bonds and CBC chains result in the phonon softening and local vibrational frequency, respectively. In the optical frequency domain, the D p is redshifted as temperature increases. This phonon softening is critical in explaining the temperature independence of α S . The B chain atoms mostly lead to the local phonon mode of ∼40 meV and a weak force constant, one of the reasons for the low κ L of B 13 C 2 . This is consistent with the local phonon dispersion and large ADP of B chain atoms. Next, we show that phonon softening is caused by the high-temperature Jahn-Teller distortion and polaron formation.
The e-p interaction is critical in explaining the unusual properties of B 13 C 2 .
12,14,37,38 The α 2 F characterizes the strength and spectrum of the e-p coupling in a system and is shown in Fig. 4(b) for B 13 C 2 and α-B 12 . Because B 13 C 2 has high carrier density, significant e-p interactions are predicted, dominant in the icosahedral optical region, while α-B 12 has negligible couplings. So, e-p couplings are strongly related to the lattice dynamics of the icosahedral structure and the trapped charge. Although the frozen structure of B 13 C 2 (at 0 K) is an orthorhombic R3m and high-symmetry icosahedral complexes, we expect a large geometrical distortion enhancing e-p interactions with an increase in temperature, i.e., the Jahn-Teller distortion effect. The distortion and localized charge distribution of B 13 C 2 result in polaron formation at high temperatures, and this causes bond softening. Figure 5(a) shows the low-symmetry lattice structure and the altered effective charge of each atom, and it contrasts them with the frozen (ideal) structure. At T = 0 K, the B 12 icosahedron loses its electrons, while the intraicosahedral chain (CBC) is negatively charged. The effective charges of B eqt and B pol are +0.92 and −0.01e c , and these are highly consistent in the overall structure. However, these conditions are not sufficient for polaron formation at low temperatures. Compared to that, the Jahn-Teller distortion activated by temperature makes for unique modifications in the charge distribution, as shown in Figs. 5(b) and 5(c) . Also, the polaron formation accelerates the lattice distortion (bond softening) and traps the local charge within the distorted structure. The charge density (n e ) plot shown in Fig. 5(b) clearly shows the existence of a polaron with the localized charges and lattice distortion. Compared with the high-symmetry positions of ions (translucent color) shown in Fig. 5(c) , highly charged atoms (e.g., B eqt with +2.4e c ) attract or repel adjacent ions depending on their polarity and accelerate the lattice distortions after producing the polarons. These are generally self-trapped and cannot contribute to various transport properties at low temperatures, but several hopping mechanisms activated by temperature 5, 6, 30 are suggested. Next we show that such phonon softening and polaron generation assisted by e-p interactions can affect the abnormal behaviors of α S and κ L in B 13 C 2 .
B. Prediction of the Seebeck coefficient
We calculate the value of α S for B 13 C 2 using the DFTbased methods, and the results shown in Fig. 6(b) indicate that α S becomes nearly independent of temperature above 600 K. Temperature-independent α S is commonly observed in solids when high-temperature charge conduction is dominated by the hopping of constant-density small polarons. 5, 9 Here, available experimental results 5 are confirmed with the direct method and entropy analyses using DFT. Using nonequilibrium ab initio molecular dynamics (NEAIMD), we calculate α S with this direct method, i.e., the charge difference under the applied temperature difference, α S = − ϕ e / T . 31 Here, the potential difference ( ϕ e ) is computed as the ratio of charge difference ( q) and the electric permittivity over the prescribed temperature difference ( T ) over a distance L, i.e.,
q(Bchain) = +3.00 
Experiment [5] αS,vib [5] αS,trans [5] αS,total [5] αS where e and • are the relative and free-space permittivities, and A is the cross-section area of the simulation cell. For the relative permittivity of B 13 C 2 , the experimental results 39, 40 are used. We note that the low-temperature discontinuities in e of B 13 C 2 may be ignored because of the polarization and phase change of B 13 C 2 . The simulations details are given in the method section. Figure 6 (a) shows the predicted charge distribution along the temperature gradient in the simulation cell. This snapshot shows the trapped charge and polaron generation in high-temperature icosahedra. The α S obtained from Eq. (10) is plotted in Fig. 6(b) , showing an initial sharp increase with temperature and a temperature independence at high temperatures. These NEAIMD predictions agree well with the available experimental results. 5 To explain this unusual α S (T ) behavior, two different contributions to α S are also shown in Fig. 6(b) . Using the temperature-dependent D p shown in Fig. 4(a) and Eq. (7), high-temperature vibrational contributions to α S are predicted. Charge carriers and their interactions cause a net energy transfer, and in B 13 C 2 the locally induced polarons change the net energy transfer by employing deformation energy and hopping activation energy (E a , ∼0.17 eV). 5, 7, 9 The transport contributions to α S are calculated with α S,trans,ep = E T /qT and Eq. (9) . As shown in Fig. 6(b) , the component α S,vib increases as the temperature increases, while α S,trans,ep rises from zero and reaches a peak at about 1/3 of the Debye temperature (T D , ∼750 K) and then falls to a small value. Thus, we verify that the phonon softening contributes to α S in B 13 C 2 . The sum of these two contributions is in agreement with the temperature dependence of the α S of B 13 C 2 obtained from our NEAIMD and in experiments. 5 In the low-temperature regime, we note limitations in the extrapolated structural parameters and the AIMD formalism (e.g., constant-volume calculation). Also we note that the EAIMD results [D p (T ), α S,vib , and α S,trans ] are more complete and thus differ from the simple approximations used by Emin. 5, 9 The only two softening modes he used are 10 and 60 meV, i.e., one acoustic and one optical (albeit the lowest optical) mode. Based on our DFT predictions (Figs. 2  and 4 ), more relevant modes can be selected. Our results show that such low-energy (acoustic) modes are not affected by the phonon softening, so approximate models should include higher-energy phonons.
C. Prediction of lattice conductivity
The lattice conductivity results of B 13 C 2 are also obtained from the NEAIMD formalism as the ratio of the applied heat flux to the resulting temperature gradient, i.e., 24, 25 
where the overbar indicates time average and Q(t) is the heat flow rate. Simulation details are given in Section II. To consider the size limitation of NEAIMD, we check the size effect with three different simulation cells (180, 270, and 360 atoms for B 13 C 2 ). The κ L of the infinite structure is determined from the linear extrapolation of their reciprocal relation (κ
The final κ L results of B 13 C 2 shown in Fig. 7 have a plateau behavior in the overall temperature range. To emphasize this unusual temperature-independent κ L behavior of B 13 C 2 , it is contrasted with the results for α-B 12 , i.e., the Slack behavior (∼T −1 ). 31, 41 As discussed in the lattice dynamics and charge analyses, we find two distinct features: (i) significant e-p coupling and (ii) large ADP of the chain bond, affecting κ L . Based on the general temperature dependence of κ L , various phonon scattering mechanisms dominate in their respective regimes. 31 At low temperatures (T T D ), phonons are scattered by the grain boundary, impurity, and electrons (most important here). The high-temperature (T > 0.1T D ) behavior is dominated by interphonon scattering and follows the Slack relation for long-range acoustic phonon transport. Although B 13 C 2 and α-B 12 have almost the same icosahedral structures, the uniqueness due to the addition of carbon into α-B 12 causes the high carrier density and the CBC chain (intericosahedral) bond. Significant e-p interactions in the icosahedra suppress the κ L at low temperatures, while the large ADP of B chain scatters the heat-conducting phonon waves and reduces κ L at high temperatures. In contrast, the κ L of α-B 12 is large and follows the Slack relation well. This is because there are no significant phonon scattering sources (e.g., e-p interactions and high ADP bonds). The predicted NEAIMD results are in good agreement with the experimental results. 8, 42 
IV. CONCLUSIONS
Boron carbides are common high-temperature materials with anomalous properties that are as yet not well explained.
Here we showed how their polarons and phonons are affected by the interaction between lattice dynamics and charge distributions. The bond softening and e-p coupling caused by high-temperature Jahn-Teller distortion and polaron formation are observed in optical phonons of icosahedra. The unique atomic displacement of the CBC chain bonds shows significant interphonon scattering of the acoustic modes. These theoretical and computational treatments predict an abnormal temperature independence of the Seebeck coefficient and lattice conductivity, showing good agreement with experimental results. Understanding such coupled phonon and polaron effects of B 13 C 2 offers insights for designing thermoelectric materials.
